
 

 

Aa¨vq-8t w¯’wZwe`¨v    

mgwe›`yej    

## f‚wgKvt  hv †Kvb e¯‘i Dci (w¯’wZkxj ev MwZkxj) wµqv K‡i Zvi Ae¯’vi cwieZ©b K‡i ev Ki‡Z Pvq, 

Zv‡K ej e‡j| ej wewfbœ cÖKvi n‡Z cv‡i, †hgbt  Pvc, Uvb, Nl©Y, AvKl©Y, weKl©Y, IRb BZ¨vw`|  e¯‘i 

Dci †Kvb we› ỳ‡Z GKB mg‡q GKvwaK ej wµqv Ki‡j, Zv‡`i‡K mgwe› ỳ ej e‡j| †Kvb KYvi Dci GKB 

mg‡q GKvwaK ej wµqv Ki‡j Zv‡`i wgwjZ wµqvdj hw` H KYvi Dci †Kvb wbw`©ó w`‡K GKwU gvÎ e‡ji 

wµqvd‡ji mgvb nq, Z‡e H ej‡K Zv‡`i jwä e‡j Ges H GKvwaK e‡ji cÖ‡Z¨KwU‡K Zv‡`i jwäi AskK 

ev Dcvsk e‡j| †Kvb e‡ji Dcvsk ¸wj ci®úi j¤̂ n‡j Zv‡`i‡K j¤^vsk e‡j| e‡ji j¤̂vsk †Kej ỳÕwU n‡Z 

cv‡i, GKwU Abyf‚wgK j¤^vsk Ges AciwU Dj¤̂ j¤̂vsk|   

‡bvUt (1) GKB w`‡K Kvh©iZ `ywU e‡ji jwä, ej `ywUi mgwói mgvb|  

       (2) GKB †iLvq wecixZ w`‡K Kvh©iZ `ywU e‡ji jwä, ej ỳwUi AšÍid‡ji mgvb Ges jwäi w`K e„nËg e‡ji w`‡K n‡e|  

       (3) mgwe›`y Ges wfbœ †iLvq Kvh©iZ `ywU e‡ji jwä, e‡ji mvgvšÍwiK m~‡Îi mvnv‡h¨ wbY©q Kiv nq|       

ZË¡xq cÖkœ I DËit  

## cÖkœt e‡ji mvgvšÍwiK m~ÎwU eY©bv Ki| ci®úi   †Kv‡Y wµqviZ ỳwU e‡ji jwäi gvb I w`K wbY©q Ki|  

DËit  eY©bvt †Kvb mvgvšÍwi‡Ki ỳÕwU mwbœwnZ evû Øviv hw` †Kvb we› ỳ‡Z GKB mg‡q wµqviZ ỳwU e‡ji gvb I 

w`K m~wPZ Kiv hvq, Z‡e H mvgvšÍwi‡Ki D³ evûØ‡qi †Q`we› ỳMvgx KY© Øviv ejØ‡qi jwä gv‡b I w`‡K m~wPZ 

n‡e|     

jwäi gvb I w`K wbY©qt  g‡bKwi, O  we› ỳ‡Z   †Kv‡Y wµqviZ P  I Q  ej ỳwU gv‡b I w`‡K h_vµ‡g OA  

I OB  Øviv m~wPZ| OACB  mvgvšÍwiK c~Y© Kwi| Zvn‡j, e‡ji mvgvšÍwiK m~Îvbymv‡i KY© OC  Øviv ej ỳwUi 

jwä R  gv‡b I  w`‡K  m~wPZ n‡e| awi, jwä PR ,  e‡ji wµqv‡iLvi mv‡_   †KvY Drcbœ K‡i|  

 Avgiv cvB,  iQPROBOAOC ..............   

GLb,     QPQPRR  ..  

QQQPPPR ..2.2    

222 cos2 QPQPR     

cos222 PQQPR  , hvnv jwäi gvb wb‡ ©̀k K‡i|  

 i  bs †K P  Øviv WU ¸Yb K‡i cvB  QPPRP  ..  

   QPPPRP ...   

    coscos 2 PQPPR   

    iiQPR ............coscos    

cybivq  i  bs †K P  Øviv µm¸Yb K‡i cvB,  QPPRP    
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C 
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Q R 

P 
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                                                    QPPPRP   = QP  

                                                   QPRP         

                                                    sinsin PQPR      

                                                    iiiQR .........sinsin    

      





cos

sin
tan

QP

Q
iiiii


   

                        ,
cos

sin
tan 1











 






QP

Q
hvnv jwäi w`K wb‡ ©̀k K‡i|  

## cÖkœt  cÖgvY Ki †h, †Kvb wbw`©ó w`‡K ỳÕwU e‡ji j¤̂vs‡ki exRMwYZxq †hvMdj, H GKB w`‡K G‡`i  

jwäi j¤̂vs‡ki mgvb|        

A_ev, j¤̂vs‡ki Dccv`¨wU eY©bvmn  cÖgvY Ki|   

DËit eY©bvt GK we› ỳ‡Z wµqviZ, †Kvb wbw ©̀ó w`‡K ỳÕwU e‡ji j¤̂vs‡ki exRMwYZxq †hvMdj; H GKB w`‡K 

Dnv‡`i jwäi j¤^vs‡ki mgvb|  

cÖgvYt   

   

 

 

                         wPÎ-1                                                                        wPÎ-2 

g‡bKwi, O  we› ỳ‡Z wµqviZ ỳÕwU ej P I Q  h_vµ‡g OA I OB  Øviv gv‡b I w`‡K m~wPZ| Zvn‡j, 

OACB  mvgvšÍwi‡Ki KY© OC  Øviv ejØ‡qi jwä gv‡b I  w`‡K m~wPZ n‡e|  awi, OX  GKwU wbw ©̀ó w`K|  

GLb OX  Gi Dci CNBMAL ,,  j¤̂Uvwb| Zvn‡j, OX  eivei RQP ,,  e‡ji j¤̂vsk h_vµ‡g 

ONOMOL ,, |  

(1) bs wP‡Î ONOMOL ,,  †hvM‡evaK Ges (2) bs wP‡Î OM  we‡qvM‡evaK|    

GLb, OX  eivei P  I Q  ejØ‡qi j¤̂vs‡ki exRMwYZxq  

               †hvMdj  OMOL           [(2) bs wP‡Îi Rb¨ we‡qvM wPý ]     

                          LNOL           [       Ges ACOB     Zv‡`i Awf‡¶cI mgvb]   

       ON OX  eivei R  e‡ji j¤̂vsk|      

A_©vr, OX  eivei P  I  Q  ejØ‡qi j¤̂vs‡ki exRMwYZxq †hvMdj, Zv‡`i jwä R  Gi j¤̂vs‡ki mgvb|   

## cÖkœt e‡ji wÎf~R m~ÎwU eY©bv mn cÖgvY Ki|       
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eY©bv t GK we› ỳ‡Z wµqviZ wZbwU e‡ji gvb I w`K hw` GKBµ‡g †Kvb wÎf~‡Ri wZbwU evû Øviv m~wPZ Kiv 

hvq, Z‡e Zviv mvg¨ve¯’vq _vK‡e| 

cÖgvYt  g‡bKwi, O  we› ỳ‡Z wµqviZ RQP ,,  ejÎq‡K gv‡b I w`‡K ABC Gi h_vµ‡g BCAB, I CA  

evû Øviv m~wPZ Kiv hvq| cÖgvY Ki‡Z n‡e †h, ejÎq mvg¨ve¯’vq Av‡Q| A_©vr, 0 RQP   

†f±i †hvRb n‡Z cvB, ACBCAB    

                 CAACCABCAB     

                 0 ACCBBA    

                 0 RQP    

            A_©vr ejÎq mvg¨ve ’̄vq Av‡Q|  ( cÖgvwYZ)      

## cÖkœt  jvgxi Dccv`¨wU eY©bv mn cÖgvY Ki|       

 eY©bvt GK we› ỳ‡Z wµqviZ wZbwU ej mvg¨ve¯’vq _vK‡j, Zv‡`i cÖ‡Z¨KwUi gvb Aci ỳÕwUi AšÍM©Z †Kv‡Yi 

mvB‡bi mgvbycvwZK|  

cÖgvYt  g‡bKwi, O  we› ỳ‡Z OZOYOX ,,  eivei wµqviZ RQP ,,  ej wZbwU mvg¨ve¯’vq Av‡Q| cÖgvY  

Ki‡Z n‡e †h,  
QP

R

PR

Q

RQ

P







 sinsinsin
 

†hLv‡b RQ   Øviv Q  I R  ejØ‡qi ga¨eZ©x †KvY wb‡ ©̀k K‡i|  

†h‡nZz, ejÎq mvg¨ve¯’vq Av‡Q, myZivs  iRQP ..............0   

GLb  i  bs Gi Dfq c¶‡K R   Øviv µm ¸Yb K‡i cvB,   

    0 RRQRPR  

RQPR     

RQPR   

RQQRPRRP  sinsin  

RQQPRP  sinsin  

 ii
PR

Q

RQ

P
............

sinsin 



  

Abyiƒcfv‡e,  i  bs †K P  Øviv µm ¸Yb K‡i †`Lv‡bv hvq †h,    iii
QP

R

PR

Q
..............

sinsin 



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 ii  bs I  iii  bs n‡Z cvB,  
QP

R

PR

Q

RQ

P







 sinsinsin
   (cÖgvwYZ)      

 

wewfbœ MvwYwZK mgm¨vejxi mgvavbt 

## cÖkœ- t  mggv‡bi ỳwU ej †Kvb we› ỳ‡Z 2  †Kv‡Y wµqviZ _vK‡j †h jwä Drcbœ nq, Zv Zviv 2  †Kv‡Y wµqviZ 

_vK‡j †h jwä nq, Zvi wØ¸Y| cÖgvY Ki †h,  cos2cos  |                                    

mgvavb t g‡bKwi, mggv‡bi ejØq PP, |  

2  †Kv‡Y wµqviZ _vK‡j, Zv‡`i jwä 2cos2 222

1 PPPR   

                                                       cos2cos2.22cos12 222 PPP   

2  †Kv‡Y wµqviZ _vK‡j, Zv‡`i jwä   cos22cos2 222

2 PPPPR   

kZ©g‡Z, 21 2RR   

 cos2.2cos2 PP   

 cos2cos      (cÖgvwYZ)  

## cÖkœ- t ‡Kvb we› ỳ‡Z wµqviZ P3  Ges P2  gv‡bi ỳwU e‡ji jwä R ; cÖ_g ejwUi gvb wØ¸Y Ki‡j jwäi 

gvb I wØ¸Y nq| ejØ‡qi AšÍM©Z †KvY wbY©q Ki|                                   

mgvavb t g‡bKwi, P3  I P2  ejØ‡qi AšÍM©Z †KvY    

    cos.2.3.223
222 PPPpR    

   iPPPR ...........cos1213cos1213 2222     

Avevi, cÖ_g ejwUi gvb wØ¸Y n‡j jwä nq R2   

      cos.2.6.2262
222

PPpPR   

cos24404 222 ppR   

   iiPR ...........cos61022   

   iii 




cos610

cos1213
1




  
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 cos610cos1213   

3cos6    

0120cos
2

1
cos 


    

0120    

## cÖkœ- t †Kvb KYvi Dci wµqviZ ỳwU e‡ji jwä Zv‡`i GKwUi mv‡_ mg‡KvY Drcbœ K‡i I AciwUi GK 

Z…Zxqvsk nq| †`LvI †h, ejØ‡qi gv‡bi AbycvZ    √ |                                                      

 A_ev, †`LvI †h, ejØ‡qi gv‡bi AbycvZ   √   |       

mgvavbt  g‡bKwi, ejØq P I  Q , Zv‡`i AšÍM©Z †KvY   Ges jwä P  Gi mv‡_ j¤̂|  

Zvn‡j, 




cos

sin
90tan

QP

Q




   

      cosQP   = 0    

      PQ  cos   

‡h‡nZz,  jwä Aci ej Q  Gi GK Z…Zxqvsk,  myZivs  

           cos2
3

22

2

PQQP
Q









  

                   = 
2222 2 PQPPQP  )(  

           = 
22 99 PQ   

        
22 98 PQ    

        22

3

8

9
2

2


P

Q

P

Q
 

         PQ :
 
   √   

 A_©vr ejØ‡qi gv‡bi AbycvZ     √         (cÖgvwYZ)     

  [ A_ev-Gi Rb¨ QP :
 
 √    ]     

## cÖkœ- t  ‡Kvb we› ỳ‡Z wbw ©̀ó †Kv‡Y wµqviZ P  I  ejØ‡qi jwä Q3  Ges Zv P  e‡ji w`‡Ki mv‡_ 

30  †KvY Drcbœ K‡i| †`LvI †h, QP    A_ev, QP 2 |                                         

mgvavbt g‡bKwi, P  I Q
 
ej ỳÕwU h_vµ‡g OX  I OZ  eivei wµqv K‡i Ges G‡`i jwä OAQ,3  

eivei wµqv K‡i| awi, OY  ‡iLvwU OX  Gi Dci j¤̂ Ges P  I Q  Gi ga¨eZ©x †KvY  |  

GLb, OX  eivei (ejØq I G‡`i jwäi) j¤̂vsk wb‡q cvB,  

2Q

Q

O P 

Q 

 

√3Q 

Q 

Y 

A 

Z 
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cos0cos30cos3 QPQ 
 

cos
2

3
.3 QPQ   

 iQP
Q

.........cos
2

3
  

Avevi, OY  eivei (ejØq I G‡`i jwäi) j¤̂vsk wb‡q cvB,  

sin0sin30sin3 QPQ 
   

sin
2

3
Q

Q
  

 120sin60sin
2

3
sin               [ 360 Gi g‡a¨ G ỳwU †KvY Qvov Avi bvB]   

 120,60   

GLb, 
60
 
n‡j,  

2

1
.

2

3
QP

Q
i   

   P
QQ


22

3
   

                             QPPQ   

Avevi, 
120  n‡j  

22

3 Q
P

Q
i     

                              QPPQ 22     (cÖgvwYZ)  

## cÖkœ- t    †Kv‡Y wµqviZ QP,  gv‡bi ejØ‡qi jwä   2212 QPm   D³ †KvYwU 90  n‡j 

jwäi gvb   2212 QPm  | cÖgvY Ki †h, 
1

1
tan






m

m
                                    

 

mgvavbt  hLb QP,  Gi ga¨eZ©x †KvY  , ZLb    cos212 2222 PQQPQPm    

      cos2.12 22222
PQQPQPm   

      imQPPQ .................112cos2
222    

Avevi,  hLb P  I Q  Gi ga¨eZ©x †KvY  90
, 

ZLb,     90cos212 2222 PQQPQPm    

      sin2.12 22222
PQQPQPm   
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      iimQPPQ ................112sin2
222    

   
 

  112

112
tan

2

2






m

m
iii 

 
  1

1

22

22

222

222
















m

m

m

m

mm

mm
 

   
1

1
tan






m

m
   [cÖgvwYZ]  

## cÖkœ- t   ‡Kv‡Y †njv‡bv OA Ges OB eivei wµqvkxj h_vµ‡g P  I Q  ejØ‡qi jwä R , OA  Gi 

w`‡Ki mv‡_   †KvY Drcbœ K‡i| Q  cwiewZ©Z n‡q Q  n‡j Zv‡`i jwä R ,OA Gi mv‡_    †KvY Drcbœ 

K‡i|    n‡j, †`LvI †h 
)sin(

)sin(











R

R
|       

mgvavbt  g‡bKwi, OACB  mvgvšÍwi‡Ki OA Ges OB evû eivei h_vµ‡g P  I Q  ejØq wµqviZ, Zv‡`i  

AšÍM©Z †KvY  | Zvn‡j KY© OC  Øviv Zv‡`i jwä  R  gv‡b I w`‡K m~wPZ n‡e| GLv‡b COA |   

GLb OAC  n‡Z cvB,  
)sin()sin(  




PR
 ........ )(i      

Avevi, Q  cwiewZ©Z n‡q Q  n‡j, R  cwiewZ©Z n‡q R  Ges 

   cwiewZ©Z n‡q    nq|     

              )ii(  .................... 
)sin()sin(

 
 







PR
 

               )()( iii
)sin(

)sin(












R

R
                 (cÖgvwYZ)    

## cÖkœ- t ABC Gi CA  I CB  evû eivei wµqviZ ỳÕwU e‡ji gvb Acos  I Bcos  Gi mgvbycvwZK| 

cÖgvY Ki †h, Zv‡`i jwäi gvb Csin  Gi mgvbycvwZK Ges Zvi w`K C  †KvY‡K   ABC 
2

1
 Ges 

 BAC 
2

1
 As‡k wef³ K‡i|                

mgvavbt  g‡bKwi, ABC  Gi CA  I CB  evû eivei h_vµ‡g AK cos  I BK cos  ejØq wµqviZ|       

Zv‡`i AšÍM©Z †KvY C | awi, jwä CAR,  Gi mv‡_   †KvY Drcbœ K‡i|    

CBkAkBkAkR cos.cos.cos.2)cos()cos( 222 
 

        
]cos.coscos2cos[cos 222 CBABAK   

        ]coscoscoscos2coscos[cos 22222 CCBACBAK    

        ]cos1[ 22 CK     [  CBA  n‡j CBACBA coscoscos2coscoscos 222  1 ] 

       CK 22 sin           

A O 

B C 

P 

Q 

| 
 

| 

𝜋 − 𝛼 

 

R 

C 

B 

A 

K cosB 

R 

K cosA 
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 CKR sin    

A_©vr, jwä Csin  Gi mgvbycvwZK|      (cÖgvwYZ)   

2q Askt 
CBKAK

CBK

cos.coscos

sin.cos
tan


  

CBA

CB

coscoscos

sincos
tan


    

           
  CBCB

CB

coscos)(cos

sincos





      

][  CBA
 
 

   
CBCB

CB

coscos)cos(

sincos


   

           CB

CB

CBCBCB

CB

sinsin

sincos

coscossinsincoscos

sincos



  Bcot    

  







 B

2
tantan


  

  B
2


 








 B

CBA

222
   BACBCA 

2

1

2

1
 

C  Gi Aci Ask  C  BACC 
2

1
 ABC 

2

1
 ACB 

2

1
 

A_©vr, jwäi w`K C   †KvY‡K 
2

1  BAC   Ges 
2

1
  ACB   As‡k wef³ K‡i|       (cÖgvwYZ)   

## cÖkœ- t ABC  wÎf~‡Ri ABCABC ,,  evûi mgvšÍivj w`‡K P  gv‡bi wZbwU mgvb ej †Kvb we› ỳ‡Z 

wµqviZ Av‡Q| cÖgvY Ki †h Zv‡`i jwä  CBAP cos2cos2cos23                              

mgvavbt   

  

 

 

 

 g‡bKwi, ABCABC ,,  evûi mgvšÍiv‡j h_vµ‡g OZOYOX ,, eivei P  gv‡bi wZbwU ej wµqviZ Av‡Q|  

Zv‡`i jwä R , OX  Gi mv‡_   †KvY Drcbœ K‡i| GLb, OX  eivei ej¸‡jvi j¤̂vsk wb‡q cvB,   

           
)coscos1()cos()cos(0coscos BCPBPCPPR      ........... )(i   

Avevi, OX Gi j¤̂w`‡K ej¸‡jvi j¤̂vsk wb‡q cvB,  

A 

C B 

𝜋 −C 
O 

P 

P 

P 

X 

Y 

Z 
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          )sin(sin)sin()sin(0sinsin BCPBPCPPR    .................... )(ii
 
 

 22 )()( iii  222222 )sin(sin)coscos1()cos(sin BCBCPR    

)sinsin2sinsincos2coscos2cos2coscos1( 222222 CBBCBCBCBCPR   

)sinsin2coscos2cos2cos23(22 CBCBBCPR   

 )cos(2cos2cos2322 CBBCPR   

 )cos(2cos2cos2322 ABCPR  
    

][  CBA
  

 

 CBAPR cos2cos2cos2322   

 CBAPR cos2cos2cos23       (cÖgvwYZ)   

## cÖkœ- t †Kvb we› ỳ‡Z wµqviZ P  I Q  gv‡bi ỳÕwU e‡ji jwä Zv‡`i AšÍM©Z †KvY‡K GK Z…Zxqvs‡k 

wef³ K‡i| †`LvI †h, Zv‡`i AšÍM©Z †Kv‡Yi cwigvY 








Q

P

2
cos3 1

 Ges jwäi gvb  QP
Q

QP


 22

|   

                                                            

A_ev, †Kvb we› ỳ‡Z wµqviZ P  I Q  gv‡bi ỳÕwU e‡ji AšÍM©Z †KvY 3  Ges Zv‡`i jwä ,R P  e‡ji 

wµqv ‡iLvi mv‡_    †KvY Drcbœ K‡i| cÖgvY Ki †h, 







 

Q

P

2
cos  1  Ges  QP

Q

QP
R 




22

|    

mgvavbt g‡bKwi, O  we› ỳ‡Z wµqviZ P  I Q  ejØq OACB  mvgvšÍwi‡Ki h_vµ‡g OA  I OB  eivei 

wµqviZ| Zvn‡j, ejØ‡qi jwä R  H mvgvšÍwi‡Ki KY© OC  Øviv m~wPZ n‡e| (g‡bKwi, ejØ‡qi AšÍM©Z †KvY 

3 | myZivs jwä, P   e‡ji mv‡_   †KvY Drcbœ K‡i|)  

GLb, OAC  n‡Z cvB,  
  3sinsin2sin 


RQP

 

 3sinsin2sin

RQP
   





cos2

sin

2sin


Q

P

 

 

cos
2


Q

P

 

                                             







 

Q

P

2
cos 1  


 
ejØ‡qi AšÍM©Z †KvY 








 

Q

P

2
cos33 1   

GLb jwäi gvb,   3cos2222 PQQPR   

A O 

B C 

P 

R Q 

 
| 

| 
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           cos3cos42 322  PQQP  

         









Q

P

Q

P
PQQP

2

3

8
.42

3

3
22

 

         
3

23
22

2

3
.2

Q

PQP
PQQP


  

                

2

224422
2 3

..
Q

QPPQQP
Rei




 
2

222

2

4224 2

Q

QP

Q

QQPP 



  

                  
Q

QP
R

22 
       

## cÖkœ-  t QP   Ges QP   ejØq 2  †Kv‡Y wµqvkxj Ges Zv‡`i jwä AšÍM©Z †Kv‡Yi mgwØLÛK 

†iLvi mv‡_     †KvY Drcbœ K‡i| †`LvI †h,  tantan QP                  

mgvavbt g‡bKwi, QP   Ges QP 
 
ejØq h_vµ‡g OACB  mvgvšÍwi‡Ki OA I OB  Øviv gv‡b I w`‡K 

m~wPZ,  G‡`i jwä KY© OC  Øviv gv‡b I  w`‡K m~wPZ| myZivs 2AOB |  

awi, OX  †iLv AOB  Gi mgwØLÛK|  

  ACOBOCAOCCOX ,,   

GLb, AOC  n‡Z cvB,                                        

                         
    








sinsin

QPQP

      

[ OBAC  ]   

                      
 
 













sin

sin

QP

QP
   

             
   
   












sinsin

sinsin

QPQP

QPQP
    [†hvRb-we‡qvRb ]     

             




sincos2

cossin2


Q

P
   cot.tan

Q

P
   

                 tan.tan QP   

## cÖkœ-  t GK we› ỳ‡Z Kvh©iZ QP,  gv‡bi ỳwU e‡ji jwä R  Ges P  Gi w`K eivei R Gi j¤̂vs‡ki 

cwigvY Q  n‡j, cÖgvY Ki †h, ej ỳwUi AšÍM©Z †KvY 
Q

P

Q

PQ

2
sin2cos 11  


  Ges 

PQPQR 222  |                                                                    

mgvavbt †`Iqv Av‡Q, ejØ‡qi AšÍM©Z †KvY =  Ges awi, jwä PR,  Gi w`‡Ki mv‡_   †KvY Drcbœ K‡i|  

A O 

P-Q 

B 

X 

C 

P+Q 

 

+  
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GLb, P  eivei j¤̂vsk wb‡q cvB,   coscos0cos RQP    

 iQQP .............cos     ]cos[ QR   

Q

PQ 
 cos

 

                                                       






 
 

Q

PQ1cos   

Avevi  i   
2

sin2.cos1 2  QQP    

    
Q

P

22
sin 2 


 

   
Q

P

Q

P

2
sin

222
sin 1


 

Q

P

2
sin2 1   

       

)(
2

sin2cos 11 Shown
Q

P

Q

PQ  






 
   

GLb,  PQPQPPQQPR  2cos2 22222    [  i
 
bs n‡Z]    

     )(222 ShownPQPQR 
 
 

## cÖkœ-  t QP,  ejØ‡qi AšÍM©Z †KvY  ; ej ỳwU Ae¯’vb cwieZ©b Ki‡j Zv‡`i jwä    †Kv‡Y m‡i hvq, 

Z‡e †`LvI †h,  
2

tan
2

tan


QP

QP




 |   

                 

mgvavbt  g‡bKwi, ABDC  mvgvšÍwi‡Ki AB  I AC  evû Øviv h_vµ‡g P  I Q  ejØq Ges KY© AD  Øviv 

Zv‡`i jwä gv‡b I w`‡K m~wPZ nq| ejØq Ae¯’vb wewbgq Ki‡j awi, CA   I BA   Øviv h_vµ‡g P  I Q  

ejØq Ges CDBA   mvgvšÍwi‡Ki KY© DA   Øviv Zv‡`i jwä gv‡b I w`‡K m~wPZ nq|   

Zvn‡j,  DDA   Ges )(  
2

1
DACBAD

 

   

     ADCDBA  )(  
2

1
 +  = BDA )( 

2

1
  

GLb, BAD  n‡Z cvB, 
BAD

BD

BDA

AB

sinsin
    

                           

)(
2

1
sin)(

2

1
sin  






QP

 

B A B’ 

D 

D’ C’ 

C 
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)(
2

1
sin

)(
2

1
sin










Q

P
  

                             

)(
2

1
sin)(

2

1
sin

)(
2

1
sin)(

2

1
sin














QP

QP
 =

2
tan

2
cot

2
cos

2
sin2

2
sin

2
cos2







  

                           
2

tan
2

tan


QP

QP




         (cÖgvwYZ)       

## cÖkœ-  t P4  Ges P3  ej ỳÕwU O  we› ỳ‡Z wµqvkxj Ges P5  Zv‡`i jwä| hw` †Kvb †Q`K Zv‡`i wµqv  

†iLv‡K h_vµ‡g NML ,,  we› ỳ‡Z †Q` K‡i, Z‡e †`LvI †h, 
ONOMOL

534
 |                  

                               

A_ev, P4  Ges P3  ej ỳÕwU O  we› ỳ‡Z wµqvkxj Ges P5  Zv‡`i jwä| hw` †Kvb †Q`K Zv‡`i wµqv‡iLv‡K 

h_vµ‡g TSR ,,  we› ỳ‡Z †Q` K‡i, Z‡e †`LvI †h, 
OTOSOR

534
 |  

mgvavbt  g‡bKwi, P4  I P3  ej ỳÕwU h_vµ‡g OL  I OM eivei Ges Zv‡`i jwä ONP,5 eivei wµqv 

K‡i| GKwU  †Q`K ej¸wji wµqv †iLv‡‡K h_vµ‡g NML ,,  we› ỳ‡Z ‡Q` K‡i|  

 awi, OA †iLvwU †Q`K-Gi  Dci j¤̂| GLb, OA  eivei ej¸wji j¤̂vsk wb‡q cvB,  

NOAPMOAPLOAP cos5cos3cos.4   

ON

OA
P

OM

OA
P

OL

OA
P 534    

ONOMOL

534
  (cÖgvwYZ)   

## cÖkœ-  t RQP ,,  ej wZbwU †Kvb wÎf~‡Ri CBA ,,  kxl©we› ỳ n‡Z h_vµ‡g, Zv‡`i wecixZ evûi 

j¤̂vwfg~Lx w`‡K wµqviZ †_‡K fvimvg¨ m„wó Ki‡Q| cÖgvY Ki †h, cbaRQP :::: 
 
 

      

mgvavbt g‡bKwi, RQP ,,  ejÎq ABC  Gi CBA ,,  kxl©we› ỳ  n‡Z CABC,  I AB  Gi Dci j¤̂fv‡e 

h_vµ‡g BEAD,  I CF  eivei wµqviZ| awi, ejÎ‡qi wµqv‡iLv O  we› ỳ‡Z †Q` K‡i|  

†h‡nZz ejÎq mvg¨ve¯’vq Av‡Q|  myZivs jvgxi Dccv`¨ n‡Z cvB,   

DOE

R

DOF

Q

EOF

P

sinsinsin


 

 

 

A O 

L 

N 

M 

5P 

3P 

4P 

R 

A 

B C 

P 

O 

D 

Q 

E 
F 
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     C

R

B

Q

A

P










 sinsinsin
   [ AEOF  PZzfy©‡R  `yÕwU †KvY mg‡KvY Ges Aci `ywUi †hvMdj ]   

C

R

B

Q

A

P

sinsinsin
  

Rc

R

Rb

Q

Ra

P










2/2/2/
 [ R

C

c

B

b

A

a
 2

sinsinsin
 ]   

c

R

b

Q

a

P
    

  cbaRQP ::::     ( cÖgvwYZ)   

## cÖkœ-  t ABC  wÎf~‡Ri AšÍt‡K› ª̀ I  n‡Z ICIB,IA,  eivei h_vµ‡g RQ,P,  ej wZbwU wµqviZ †_‡K 

fvimvg¨ m„wó Ki‡Q|  cÖgvY Ki †h, 
2

cos:
2

cos:
2

cos::
CBA

RQP                            

mgvavbt  †`Iqv Av‡Q, ABC  Gi AšÍt‡K› ª̀ I  n‡Z ICIB,IA,  eivei h_vµ‡g RQ,P,  ejÎq wµqviZ  

†_‡K fvimvg¨ m„wó Ki‡Q| myZivs  jvgxi Dccv`¨ n‡Z cvB,  

 i
AIB

R

CIA

Q

BIC

P
..............

sinsinsin
  

GLb, 
222222

AACB
BIC 




















  

GKBfv‡e, 
22

,
22

C
AIB

B
CIA 


 

 
     2/2/sin2/2/sin2/2/sin C

R

B

Q

A

P
i











 

2/cos2/cos2/cos C

R

B

Q

A

P
      

)(
2

cos:
2

cos:
2

cos:: shown
CBA

RQP   

## cÖkœ-  t GKB Abyf~wgK †iLvq c  GKK ~̀i‡Z¡ Aew¯’Z ỳwU we› ỳ‡Z l  GKK `xN© GKwU  

miæ iwki cÖvšÍØq euvav Av‡Q| Aev‡a Szjv‡bv w  GKK IRb wewkó GKwU e¯Íy‡K enb K‡i Ggb GKwU gm„Y 

IRbwenxb AvsUv H iwki Dci w`‡q Mwo‡q hv‡”Q| †`LvI †h, iwki Uvb 
222 cl

wl


|        

mgvavbt g‡bKwi, A  I B  we› ỳØq GKB Abyf~wgK †iLvq c  GKK ~̀i‡Z¡ Aew¯’Z| l  •`‡N©¨i GKwU myZv A  I 

B  we› ỳ‡Z euvav Av‡Q| awi, C  we› ỳ‡Z  w  GKK IRb Szjv‡bv Av‡Q Ges myZvi Uvb T |     

Zvn‡j, C  we› ỳ‡Z wµqviZ TT ,  ejØ‡qi jwä w  n‡e|     

C B 

A 

I 
R 

Q 

P 

B A 
c 

T T 

C 

/2 /2 
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CTTTw cos2 2222  )cos1(2 2 CT     

         






















2
.

2
.2

4412

2
22

2

ll

c
ll

T     

         =







 


2/

2/
12

2

22
2

l

cl
T







 


2/

2/2/
2

2

222
2

l

cll
T     

        






 


2/
2

2

22
2

l

cl
T 







 


2

22
22 .4

l

cl
Tw   

       
  2222

22
2

24 cl

wl
T

cl

lw
T





     (cÖgvwYZ)  

## cÖkœ-  t P  I Q  ejØq h_vµ‡g GKwU †njv‡bv Z‡ji ‣`N©¨ I f~wgi mgv¯Íiv‡j wµqviZ _vK‡j cÖ‡Z¨‡K 

GKK fv‡e Z‡ji Dci¯’ W IR‡bi GKwU e¯‘‡K a‡i ivL‡Z cv‡i| cÖgvY Ki †h,  

2

1

2

1

2

1

WQP
  A_ev,  

22 pQ

PQ
W


       

mgvavbt   

 

  

 

 

 

g‡bKwi,   †Kv‡Y †njv‡bv AB  Z‡ji C  we› ỳ‡Z W  IR‡bi GKwU e¯‘ w¯’i Ae ’̄vq Av‡Q| awi, cÖ_g †¶‡Î 

Z‡ji Dci e¯‘i Pvc 1R  Ges wØZxq‡¶‡Î Pvc 2R | GLb cÖ_g †¶‡Î, ej P ,IRb W Ges Pvc 1R  fvimvg¨ 

m„wó K‡i; myZivs jvgxi Dccv`¨ n‡Z cvB, 
)90sin(90sin)180sin(

1

 


 

RWP

 

 

                                              
 cos1sin

1RWP
  

                                              W
P


sin

   sinWP    

Avevi, wØZxq †¶‡Î ej Q , IRb W Ges Pvc 2R  fvimvg¨ m„wó K‡i; myZivs jvgxi Dccv`¨ n‡Z cvB  

                       
 90sin)90sin()180sin(

2RWQ





 
 

B 

A 
 

W 

C Q 

R2 

B 

A 

W 

P R1 

C 
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



 cos

sin

cossin

W
Q

WQ
  

GLb, 




 22

2

2222 sin

cos

sin

111

WWQP
 = 




22

2

sin

cos1

W


 = 




22

2

sin

sin

W
 

   
22

11

QP
  = 

2

1

W
            (cÖgvwYZ)   

 

 

 

## cÖkœ-  t †Kvb we› ỳ‡Z wµqviZ RQP ,,  ej wZbwU fvimvg¨ m„wó Ki‡Q| P  I Q  Gi AšÍM©Z †KvY, P  

I R  Gi AšÍM©Z †Kv‡Yi wØ¸Y n‡j, cÖgvY Ki †h,  PQQR 2
|     

  

mgvavbt g‡bKwi, RQP ,,  ej wZbwU O  we› ỳ n‡Z h_vµ‡g OZOYOX ,,  eivei wµqviZ| awi, P  I R  

Gi ga¨eZ©x †KvY  |  myZivs P  I Q  Gi ga¨eZx© †KvY 2  Ges Q  I R  Gi ga¨eZ©x †KvY   32  |  

 ejÎq fvimvg¨ m„wó Ki‡Q|  myZivs jvgxi Dccv`¨ n‡Z cvB, 

   2sinsin32sin

RQP



  

 2sinsin3sin

RQP



   

 2sinsinsin3sin4 3

RQP



  

 cos213sin4 2

RQP



  

 22 cos4cos21cos41

PQRQP 



  

    
cos21

RQ
  ............... (1) 

Ges 
 cos2cos4 2

RPQ



.............( 2)  

GLb  (1)  ( 2) 
 

 PQQR
RPQQ




 2

2

2

2 cos4cos4 
   (cÖgvwYZ)     

P 
X 

Y 

Z 

R 

Q 

O 
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## cÖkœ-  t ACB  myZvwUi ỳB cÖvšÍ GKB Abyf~wgK †iLv¯’ A  I B  we› ỳ‡Z Ave× Av‡Q| myZvwUi  C  we› ỳ‡Z 

W  IR‡bi GKwU e¯Íy‡K wMuU w`‡q euvav Av‡Q| ABC  Gi evû¸‡jvi •`N©¨ cba ,,  Ges Zvi †¶Îdj    

n‡j, †`LvI †h, myZvwUi CA  As‡ki Uvb   222

4
bac

c

Wb



|                                       

mgvavbt awi, CA  I CB  As‡ki Uvb h_vµ‡g T  I  1T | GLb, C  we› ỳ‡Z ¯’vwcZ  W  IRb Lvov wb‡Pi  

w`‡K wµqv K‡i| W  IR‡bi wµqv‡iLv‡K wcQ‡bi w`‡K ewa©Z Ki‡j awi, Dnv BA  †K D  we› ỳ‡Z †Q` K‡i| 

Zvn‡j, BDCB 
2


 Ges ADCA 

2


| 

 ‡h‡nZz, CA  I CB  As‡ki Uvb  T  I  WT ,1  IRb†K  fvimv‡g¨ iv‡L| myZivs jvgxi Dccv`¨ n‡Z cvB,    

     
   DCA

T

ACB

W

DCB

T




  sinsinsin

1
    

























A

T

C

W

B

T

2
sin

sin

2
sin

1







    

  C

W

B

T

sin2/sin






 

 

C

BW
T

C

W

B

T

sin

cos

sincos


 

 

 222

222

42

2
bac

c

Wb

ab

ca

bac
W

T 












 

     (cÖgvwYZ)     [ Cab sin
2

1
 ]   

## cÖkœ-  t l  ‣`N©¨ wewkó myZvi GKcÖvšÍ Lvov †`Iqv‡j AvUKv‡bv Av‡Q Ges Zvi Aci cÖvš Í a   e¨vmva© wewkó 

GKwU †Mvj‡Ki Dci¯’ †Kvb we› ỳ‡Z mshy³ Av‡Q| †MvjKwUi IRb W n‡j,†`LvI †h,myZvi Uvb
 

22 lal

laW




|    

                

mgvavbt  g‡bKwi, l  •`N©¨ wewkó myZvi GK cÖvšÍ Lvov †`qv‡ji mv‡_ A  we› ỳ‡Z, Aci cÖvšÍ †Mvj‡Ki mv‡_ B  

we› ỳ‡Z AvUKv‡bv Av‡Q| †Mvj‡Ki IRb W †K› ª̀ O  eivei Lvov wb‡Pi w`‡K wµqviZ Ges †`qv‡ji cÖwZwµqv 

COR,  eivei wµqviZ| awi, myZvi Uvb T | GLb, O  we› ỳ‡Z wµqviZ TR,W,  ejÎq mvg¨ve ’̄vq Av‡Q|  

myZivs jvgxi Dccv`¨ n‡Z cvB,   

   COA

R

COA

WT







 90sin180sin90sin
  

COA

R

COA

W
T

cossin
  

B A 
D 

C 

W 

T1 T 

W 

R O 
C 

B 

A 

T 

a 

 

O 

a 

B 
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1g ỳwU n‡Z,  
OAAC

W

COA

W
T

/sin
  

            
22

)(.

OCOA

ABOBW

AC

OAW
T




  

 
 

            

 

 

 
222 2 lal

laW

ala

laW
T









        ],[ aOBlAB 

   
 (cÖgvwYZ)       

 

 

 

  


